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Abstract. Applying the method of the q-deformed boson realization for the quantum group 
tothecasewhereq isarootofunityweestablishasetofstandard basis fortherepresentation 
space of the quantum universal enveloping algebra U,,(C,) associated with a typical 
subalgebra chain of U,(C,). On this basis we systematically obtain irreducible andindecom- 
posable representations of U,(C,) and its subalgebras. We discuss U,(C,) in detail. 

1. Introduction 

In this paper, the second part of a series, we will study the quantum universal enveloping 
algebra (QUEA) [l-81 (GIq = U,(C,) when 9 is a root of unity. 

We first review notation and some results for (A,- , )q from the preceding paper 
[29] which will be used in this paper. As the central part of the 9-deformed boson 
realization, the q-deformed boson algebra is an associative algebra over the 
complex number field C. It is generated by elements ai = a y 2  a:! N ,  and I satisfying 
the q-deformed commutative relations [ 13-15, 19-24,281 

a .a+=  ' I  svqfit + q - 6 " a f a ,  

[&, a i l  = *6.-a* 'I, (1) 

WIIGIC: i , j = l , 2 , ,  . .  , I  LillU Y C " .  **,IC,, y -  I ,  L1.G 'a,pu,'x 'Nq,l, UGCVIIICJ Ll lC "sua, 

[a:,  a;] = 0 
, "..A ,.?O ,.,L".. ^_ ,  *I.- ",""l...- m , I \  I.̂̂̂....̂ *L^ 

boson algebra. 
On the q-deformed Fock space F,,(I), 

{Im)- Im,, m2,. . . , m r ) =  aT"2a:"z.. . a;"tlo)l 

m = ( m ,  , m2, . . . , m,) E z+', ajlO) = fijl0) = 0, i = 1,2, . . . , t )  
.L^ ~ A-L- ---- 1 L^^ .̂. -a",:--*:*.. -&-*I.- -..+. I A  1 :" 
L1,S y-ucru ,111 cu "UJU,, , C ' l , , L ' l L , U , ,  U1 L L L C  VVE." IT1 1-11 'I 1D 

+ E,= a ,  a i i l  
Hi = N j  - Ni+, 

E. = a:+,a; 
i =  1,2, .  . . , I- 1 (2)  
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where 
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is the I-dimensional lattice set. Because 

there explicitly exists a finite-dimensional (A,_,),-invariant subspace in .F,( I ) .  This is 
the starting point of the discussion in the preceding paper [29]. A q-deformed boson 
realization {Xi} of a QUfA such that [Xj,X!=, NJ=O is called a homogeneous q- 
deformed boson realization; conversely, if [ X , ,  X!=, NI] # 0, then the realization {X.) 
is called an inhomogeneous q-deformed boson realization. 

However, a homogeneous <-deformed boson realization of QIJEA (C,)q canno! he 
found. We need some skill to obtain finite-dimensional representations of (C,)q through 
its inhomogeneous q-deformed boson realization when qp = 1 and p is an integer a3. 
In this paper, associated with a subalgebra chain of (Cl),,  a set of standard basis for 
the representation of (Cl),, is well defined so that the reduction of representation is 
automatically realized when a representation of an algebra is restricted on its subalge- 
bras in this subalgebra chain. In particular, the positive integers A I ,  A,-,. . . . and h2 in 
the index ( A l ,  h 2 , .  . . , A I )  of the basis for a representation of (C,), ,  label the irreducible 
representations of (Al-,),  AI-^), . . . and (Al), respectively, when q p  # 1 ( p  = 1,2,. . . ). 

2. The q-deformed boson realization of the (CI),-subalgebra chain 

The Q u f A  (C,), is an associative algebra (over C) generated by E,,  F, and Hi ( i =  
1,2,. . . , I) satisfying the q-commutation relations 

[Hi, E,] = a,E; [H,,F,]=-a,F, 

[Hi ,  Hj1 = O  [E,F,I= S,[HcIq, 
(3) 

and the Serre relations 

Gf G;+, - (4 + 4 :I) GjGj+ G; + Gj+ I Gf = 0 
GjG;_, - (qf q-')GjGj-,G;+ G;-l G: = 0 

l s j s l - 2  

1 s j G l - 1  

3 (4) (-l)m[3]42([m],~![3-m],i!)-'G:_;"G,G;1, = O  
"8=O 

G = E , F  

where 

a ,  = 28, - Sliil - a,-, ail = -28+, a,< = -8,1-1 

a1.1 = I i , j=1 ,2  , . __ ,  1-1  

qi = q E @ ( q  G i s  I - I )  

[ m l , !  = [ m l L m  - 11,. . . [21,[11, 

[ f ] ,  = ( f f -  t - ' ) ( l -  f P - 1  

[fir=, = [ f l .  
91 = qi 

In fact, Et ,  E. and H ( i  = 1,2,. . . , k )  are closed under the operation of the q- 
commutators and the relations of ( A k ) ,  [29] are satisfied by them fork = 1.2,. . . , I - 1. 
They generate a subalgebra (Ak),,. 
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The q-deformed boson realization of a QUEA U,(L):{x;} is the image 
B(U,(L)):(x,=B(xi)} of an isomorphic mapping E:Uq(L)+Bq(I). By taking the 
q-deformed boson realization of (Al+l)q [14,29] into account, the q-deformed boson 
realization of (Cl)q is written as [28] 

E, = atai+,  F . = a ?  I , + I  0. I H, = Nj - N,,, i =  1,2, .  . . , I -  1 
A A  

We can check that relations (3) and (4) hold for the above realization due to the basic 
relations ( 1 ) .  We need to point out that realization ( 5 )  is only an alternative to the 
result of [19]. However, we make a simple but important observation that the realiz- 
ations of E,, e. and H, also satisfy the q-commutation relations and the Serre relations 
of (A& for 1 , 2 , .  . . , k, where the fixed k takes 1,2, .  . . , I -  1 .  Thus, realization ( 5 )  
actually defines a realization of subalgebra chain I: 

Because E,, F, and H, ( j  = k, k+ 1 , .  . . , I - 1) generate a subalgebra (Cl-k+,) of ( C I ) ~ ,  
(3) also gives a realization of subalgebra chain 11: 

( G ) q  3 ( A I - I ) ~  3 (AI-2) 3 .  . .> (A2Iq 3 (AJq. 

(GIq 2(C1-Aq 3 (cl-2)q 3 . .  . =(GIq = (GIq. 
The basic subalgebra chains I and I1 can derive other subalgebra chains, e.g. 

9 (AI - ~ ( 1 ) ) q 3 ( A , - 2 ( 1 ) ) q ~ . . . 3 ( A ~ ( 1 ) ) ~  

(GIq 3(C1-Aq = (CI-Zh 3 . .  ( C J q  
U 

(A,-3(3)),j 3 . .  . 3  (Ai(3))q 
U 

(A1-2(2))~ 3 (A1-3(2))~ 3 . .  . 3  (Ai(2)Iq 
where I in (Ak(t ) )q denotes the different embedding of (Ak)q in (COq, e.g. 

(Ai(1))q = {HI, E, ,  FJ 

(Ai(2))q={Hz, E23 Fz} 

Since the realization of the subalgebra (Ak)q in chain I is homogeneous, we will 
build up a standard basis associated with this chain so that finite-dimensional 
representations are easily obtained in this paper. 

3. Representations of subalgebra chain I of (C& 

Using (1) and (3), on the q-deformed Fock space @ * ( I ) ,  we obtain a representation 
rl of m: 
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where 
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q( l )=( l ,O, .  . . ,0)  

el(2)=(0,1 , . . . ,  0 )  ,..., el(l)=(O,O ,..., 1 ) .  

It follows from (6) that (-l)'~-'" is invariant under the action of rl and so this 
representation T I  is reduced a direct sum of two representations r: and r;, i.e. 

rl=r;@r;. 

Fq(l)= F;(l)@F;(l) 

F:(l): { ~ m ) ~ ( - l ) x ' - ~ m ~  = *I). 

Correspondingly, the reduction of the space Fq(l) is 

The discussion on $ ; ( I )  parallels that on Ft(l) and so the following discussion 
only focuses on % ; ( I ) .  Define the standard basis 

f (AlJ) =  AI, A 2 - A l ,  A,  - A 2 , .  . . , AI-, - AI->,  25 - A t - l )  

for S:(l) where J = 1 , 2  ,..., A = ( A , , A 2  ,..., A1-,)eZ+'-' and Ak-,=0,1,2 , . . .  for 
given A h  ( k  = 2,3,4,  . . . , ; A I  = 25). Let A. = 0. Then, on the above new basis, representa- 
tion (63 is rewritten as 

Elf(AIJ) = [ A , + , - A i l f ( A  +e<(l-l) lJ) ( 7 a )  

F;f(AIJ) = [A; -A<- , l f (A  -e;(l-l)lJ) ( 7 6 )  

Hif(AlJ) = ( 2 A j  - Ai- ,  - A j + , ) f ( A / J )  ( 7 c )  

- 8 ,  F.fII , - - , - I  I r\ =[2!-'f(hlJ+!) ( 7 6 )  
Fif(A1J) = -[2][2J - A1+l][2/ -AI-% - l]f(AlJ - 1)  ( 7 e )  

H,f(A/J) = (2J   AI-^ +f)f(AIJ). (7f) 

i =  1,2, .  . . , I - 1  

To show the characters of the standard basis f(A1J) we tentatively consider the 
case where q is not a root of unity. In this case, the representation r:: (CI),+End 
(F:(l)) is irreducible. Because J is invariant under the action of through the 
representation r;. it labels an irreducible representation rjZJ1 of (A,-,)q on the invariant 
subspace 

for a fixed J. when the irreducibie represeniaiion i,j2J! of (cl)# is restricted on iis 
subalgebra there is an automatic reduction: 

Simihdy, Ax labels an irreducible representation I-[,*.' of (Ak-l)q on the invariant 
subspace 
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for fixed A k ,  A*+, , . . . and A,. Correspondingly, we have 
**+I 

* * = 0  

rjh.;"I(Ak-,), = r k A k 1  

Ah+,  

**=0 

v',:.;J= v[***l. 

4. A theorem on indecomposable representations of (C& 

Now, we return to the discussion of the case where q is a root of unity. In this case 
the above reduction and decomposition of a representation will still he preserved, but 
some invariant subspaces for qp  # 1 are no longer invariant while the irreducible 
representions carried on them are no longer irreducible. The foregoing results from 
[ap]  = 0 (a E B )  when qp = 1. Correspondingly, there exist such extreme weight vectors 
f ( A I J ) ( b i + , - b i = a i p ,  a j e Z )  that E f ( A l J ) =  F j + l f ( A I J ) = O .  

Theorem 1. I n  5 b ( l )  there exists a (Cl),-invariant subspace Sl(j, a) spanned by the 
weight vectors 

When l > 2 ,  there is not an invariant complementary subspace for Sl(j, a); that is to 
say, the representation r: of (Cl), is indecomposable (reducible, but not completely 
reducible). 

( f ( A l J ) 1 A j + , - A j  3 ap, J E Z + }  a E z+. 

Proof: For k E Z i  we define a subspace W ( j , k ) : { f ( A J J ) E 5 ~ ( l ) l A , + , - A j = k }  of 
4t:(l). Then, 
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Now, we prove that there is not an invariant complementary space for SL ( j ,  a). 
Assume that there is an invariant subspace $1 ( j ,  a) so that ?F:(l) = Sl(j,  a ) @ S l ( j ,  a). 
There must exist a vector 

which has a c, # 0 and a bA # 0 at least. Let b, correspond to such a vector f ( A l J )  
that _k = &j+l - Aj is a minimum. Then, 

( ~ ~ + ~ ) ~ ~ - k u ~ ( ~ o )  E Sdj,  a) ( E j + , ) " P - L u ( # O ) ~  s l ( j , a ) .  

Due to this presumption 

(E,,,) " P r L  U E Sf ( j ,  a). 

sdj, a) n 
Thus, 

a) + (0). 
This conclusion and the presumption are contradictory 

A corollary immediately follows from theorem 1. 

Corollary. When qp = 1, there exists an (Al-,)-invariant subspace S\"(j, a) spanned 
by the vectors 

{ f ( A I J ) I A j + i - A j a   PI 
in Vj2" for fixed J. When I >  2, there is not an invariant complementary space for 
S\'](j, a); the representation I'\'" is indecomposable. 

In fact, this corollary is theorem 1 of the preceding paper [29] and some discussions 
in the preceding paper can be regarded as special cases of this present paper. Therefore, 
in the following discussions we are no longer concerned with the subalgebra (Ak)q 
of (Cl)'? 

5. Finite-dimensional representations of (C& 

According to the above general analysis, we study the representation r: of (Cdq: 

Elf(+) = [2J - n ] f ( n  + 1lJ) 

F , f ( n l J )  =[nlf(nlJ)  

=2(n -J ) f (n lJ )  

E2f(nlJ)=[21-'f(nlJ+1) 

& f ( n l J )  = -[2]-'[2/- n ] [ 2 J - n  - I]f(nlJ- 1) 

H 2 f ( n l J )  = (2J-n+i)f(nlJ)  

(9) 

where f ( n l J )  = a:"a:'-"lO) and for a given J, n =0,1,2, .  . . ,2J. This representation is 
illustrated in figure 1 where a lattice (J, n )  denotes a weight vectorf(nlJ), the upward, 
downward, rightward and leftward arrows denote the actions of E,, F,, E,  and F2,  
respectively. 
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The character lines I,: n = p p  and 1,: 2 J - n  = ap  cut two invariant subspaces 

&(1, P ) ( P  €Zt): L f ( n l J ) E  9 : ( 2 ) b r P p }  

&(2, a)(. E Z + ) : { f ( n l J ) E  9 : ( 2 ) 1 2 5 -  n mp} 
out of 9 : ( 2 )  (see figures 2 and 3). The representation r: subduces new representations 
on the two spaces, which are still infinite dimensional. However, the sum SI2(a ,  P )  = 
$(i, 6 )  t &(2, a j is invariant under r;. So there is a quotieni space 

QI2(a,P)=~:(2)/S~~(~,P):{f(nlJ)=j(nlJ)mod S12(n,P)I 

0 ~ 2 J  - n s a p  - 1,OS n G Pp - I }  

illustrated as the unshaded domain in figure 4. Then, we have the following theorem. 

7heorem 2. On the quotient space QI2(a, p)  the representation rt  induces a finite- 
dimensional representation of (C2Iq with dimension 

dim Qldn, P )  = ~ ( ~ P P ~ + ~ ( ~ I J P ) ~ P P ) )  (10) 

where U( x) = f (  1 - (- lr). 
fioo0j For a given Pp, n takes &j values 9, i, 2 , .  ... - i for n, because 1 is an 
integer, 

n / 2 s  J S ( a p +  n - 1 ) / 2  

and J takes f (  ap + v( a p )  values for even J and $( np - U( q)) values for odd J. Since 
there are i ( p p + u ( P p ) )  even integers and f(pp-u(pp)) odd integers in the chain 

n 

0 1 2 3 . . .  J 

~ i g u r e  1. The representation space. Figure 2. The invariant subspace Sz(I, P ) .  

0 J 0 J 

Figure 3. The invariant subspace Sl(2,  a). Figure 4. The quotient space Q , 2 ( m ,  p )  
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0, 1,2,3,. . . , p - 1,  the pair (J, n )  takes 
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i (pP+u(pP)):(aP+u(aP))+t(PP -u(pp)) l (aP-daP))  
= $ ( a P p 2 - u ( a p ) d P p ) ) =  dim Qd4) 

values; i.e. the dimension of the quotient space is dim &(ap). 0 

Naturally, on the quotient space QI2(aP) ,  r: induces a finite dimensional rep- 
resentation T:: (Qq+ End(Q,,(a, p ) ) :  

This induced representation is determined in an explicit form by (9) and such extreme 
vectors f(pp- llJ) and f ( 2 J +  1 - ap lJ )  that 

gJ(n1.f) = f:(g)f(nlJ) = r:(g)f(nlJ) = gf(n1.r). 

EJ(pp-1IJ) =E2J(2J+ 1 - a p l J )  = O  

As an example, when p =3 and a = p = 1 we obtain a five-dimenional ineducible 
representation 

EI = E43+[21E32 
4 = E23+ 121Eu 

E2= [2l-'(E21+ E d  
F2=-(&2+ Eu) 

U - ? / =  - c  1 
1.1 - L i b 1 4  ' -221 

H2 =;( E,, + 5  E2,+3E3+ E4,+5E5,) 
where E, is a unit of a matrix, i.e. (Ey)kl = CSjl. 

Finally, we consider an invariant subspace chain 
4:(2) 3 &(I, I) 2 &(I, 2 )  3. . .2 SI2(1, i) 3 .  . . . 

~n each quoiieni space Qi=S,,(i, i j is ,2( i ,  i + i j ,  

I f (n l J )= f (n l J )  - mod S12(l, i + 1 ) 1 0 ~ 2 J - n c p - 1 ,  i p r n s ( i + l ) p }  
r: induces a quotient representation rY1>. Then, the representation r: is reduced to 
a semi-direct sum of rY1+, i.e. 

r: = r ~ l + B r ~ l + @ ,  . .@ryl@. . . . 

6. Discussion 

Up to now we have explicitly constructed a class of representations of the quantum 
algebra (Cl)q, which contains both irreducible and indecomposable representations. 
The status of the results in this paper and the relevant open questions are discussed 
as follows. 

(i) Although, from the generally mathematical point of view, the representation 
theories of quantum groups (quantum algebras) have been built for both generic [9,10] 
and the non-generic cases [ l l ,  12,30-321, it is still necessary to explicitly give the 
representations in matrix form for the needs in physics [25-271. In this paper we first 
obtained a class of symmetric tensor representations in explicit form. Our results 
not only contain irreducible representations (e.g. the ;( p 2  - (U (  p))2)1-dimensional 
representations for (C2)q ) ,  as explicit examples of the general theory, but also contain 
indecomposable representations (e.g. the representations on the spaces Q1.2(a. p ) -  
( a , f l P 2 )  for (C2)q ) ,  which is completely new. In particular, the introduction of the 
analogue of boson operators not only simplifies the process of constructing the 
representations, but is also formally familiar to physicists. 
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Considering our recent studies in which new solutions of the Yang-Baxter equation 
were constructed from a new family of explicit representations for s1,(2) [33], we hope 
that the representations of (Cr)q obtained in this paper with the explicit forms can 
also be used for the construction of other new solutions for the Yang-Baxter equation. 

It is necessary to point out that we have not obtained all of the irreducible 
representations of (C,),. As for we only obtained a class of symmetrical rep- 
resentations because only 1 boson degrees were used for the h a n k  quantum algebra 
(C,),,. now io generaiize the q-deformed boson reaiization method to get aii the 
irreducible representations of (Cr)q is still an open question. Maybe the q-analogue 
of the Borel-Weil construction for Lie algebras [34] is needed for this question. 

(ii) It worth noticing that, when q -t 1, realization (3) becomes an operator rep- 
resentation of the Lie algebra CI and contains a subalgebra su(1, l )  generated by Er, 
Fl and Hr. Because this subalgebra is non-compact, realization (3) naturally results in 
infinite-dimensional irreducible representations for both the Lie algebra C, as the limit 
for q+ 1 and the quantum algebra (Cr)q with generic q ( q p  # 1). Such a realization 
associated with non-compactness is called a non-compact boson realization of quantum 
algebra and usually given an infinite-dimensional non-unitary irreducible representa- 
tion for the generic case. 

For the non-generic case the fact that finite-dimensional representations of (Cl)q 
can be obtained from its infinite-dimensional representation by taking qp = 1 shows a 
completely 'quantum' picture without the 'classical' limit. In fact, as q + 1, the infinite- 
dimensional representation becomes a representation of the corresponding Lie algebra, 
but the finite-dimensional representations do not make sense. SJch a tinite-dimensional 
representation of the quantum algebra (L), cannot regarded as a simple q-deformation 
of a representation of the corresponding Lie algebra [16-181. 

(iii) The results of this paper highlight a q-deformation scheme by which such a 
completely 'quantum' finite-dimensional representation for the quantum algebra can 
be constructed. ( a )  For a given Lie algebra L, we try to find a non-compact boson 
realization of L and then use it to construct an infinite-dimensional representation, 
which is usually irreducible and non-unitary. ( b )  We perform a q-deformation of this 
realization so that it becomes a q-boson realization of the quantum algebra (L), 
associated with L. Correspondingly, the representation of L is deformed into an 

of unity. (c)  Taking the non-generic condition [ap] = 0 (a E Z) caused by qp = 1 into 
account, we can find a finite-dimensional invariant subspace, on which we obtain a 
finite-dimensional representation of the quantum algebra (L),,. As for (Cl)q, the (Al ) ,  
case can also be successfully handled using this scheme [25]. 

infiniie-dimensionai of (L)q,  .w.hich is iiied-ucibie .when q is rooi 
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